For a local ring, (A, W) of positive depth regularity is shown to be equivalent to the symmetric algebra of 9JI being torsion free.
Theorem. Let A be a local ring with maximal ideal 99Î, depth A >0.
Then A is regular if and only if S(W) is a torsion free A-module.
Note. An A -module Miscalled torsion free if ker(Af->Af ®aB)=0
where B is the total ring of fractions of A.
Before proceeding with the proof, we set down some notation in the general case. The theorem will now follow from the following lemma.
Lemma. Let 21 be a finitely generated ideal of A (not necessarily a domain) with grade 21 >0. Then ker <f> is contained in the torsion submodule of 5(21). This is done by induction on k and since OÏCO, the induction is begun. Assume then that Remark. Since depth ^4=0 implies that every A -module is torsion free, the existence of nonregular local rings of depth 0 shows that the theorem cannot be extended to this case.
